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Abstract� Intermediate orbit for general planetary theory is constructed in the
form of multivariate Fourier series with numerical coe�cients� The structure and
e�ciency of the derived series are illustrated by giving various statistical properties
of the coe�cients�

The ability of the recently proposed elliptic function approach to compress the
Fourier series representing the intermediate orbit is investigated� Our results con�rm
that when mutual perturbations of a pair of planets are considered the elliptic func�
tion approach is quite e�cient and allows one to compress the series substantially�
However� when perturbations of three or more planets are under study the elliptic
function approach does not give any advantages�
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�� Introduction

Constructing general planetary theory �GPT�� that is an analytical the�
ory of planetary motion in a purely trigonometric form� which is formal�
ly valid for any moment of time� was considered as a central problem
of celestial mechanics� Already by the beginning of this century it has
been proved that the planetary motion could be formally represented in
a purely trigonometric form� Several algorithms to construct the GPT
have also been proposed at that time� However� technical di�culties
did not allow one to construct the theory in practice �see� e�g�� Brum�
berg� �	

� �	�� for review�� In 
�s a new algorithm has been proposed
based on the Hills lunar method �Brumberg� �	���� During next decade
several steps to construct �some parts of� the GPT in practice have
been undertaken by the research groups in the Institute of Theoretical
Astronomy �Leningrad� and Bureau des Longitudes �Paris�� The �rst�
order theory� the intermediate orbit and the linear second�order theory
have been discussed in �Brumberg� Chapront� �	��� Brumberg� Evdoki�
mova� Skripnichenko� �	��� �	���� However� it has become clear that
even the use of computers with special computer algebra software did
not allow at that time to overcome technical di�culties� the resulting
series were too voluminous if a reasonable accuracy was considered�

Since that time performance of computers has become several orders
of magnitude higher and continues to grow quickly� We believe that the
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GPT in the form proposed in �Brumberg� �	��� could be constructed
now with some reasonable accuracy� at least� in a semi�analytical form
of Fourier series with numerical coe�cients� However� it is quite clear
that� besides the problems of convergence typical for any analytical the�
ory of motion� we will be faced the problem to operate with extremely
lengthy series� One of the possible remedies is to �nd a way to represent
the resulting analytical theory in a more compact form�

In ��s several authors suggested to use elliptic functions and inte�
grals in planetary theories �Richardson� �	��� Williams� Van Flandern�
Wright� �	��� Williams� �		��� The use of elliptic functions allowed one
to avoid the expansions of ���ij � where

�ij �
�
a�i � a�j � �aiaj cos��i � �j�

����
���

is the distance between the ith and jth planets on coplanar circular
orbits� ai is the semi�major axis of the corresponding planet and �i
is its mean longitude� The expansion of ���ij in powers of the ratio
�ij � min�ai�aj � aj�ai� is known to converge very slowly when �ij is
close to � and presents one of the most serious practical di�culties
when constructing a �semi��analytical planetary theory� The principal
idea is to introduce new angular variables uij

uij � F ��ij � kij�� ���

k�ij �
�aiaj

�ai � aj��
�

��ij

�� � �ij��
� ���

instead of the usual synodic variables

�ij �
�

�
�� � ��i � �j�� ���

Here F ��� k� is the elliptic integral of the �rst kind� E�ectively the new
angular variable ��� is a change of time variable� Using these variables
one could represent the distance between planets in closed form in terms
of elliptic functions� �ij � �ai�aj� dn�uij � kij�� Williams� Van Flandern
and Wright ��	��� have shown that the �rst�order perturbations can
be also represented in closed form in terms of elliptic functions and
elliptic integrals�

However� an extension of these results onto higher orders seems to
be di�cult �Brumberg� �		��� since it would require operating with
expressions which involve elliptic functions and integrals with several
di�erent arguments� For example� it would be necessary to take in
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symbolic form the integrals like
R
cn�uij � kij�cn�uik� kik�duij � Chapront

and Simon ��	���� and independently Brumberg ��		�� suggested to
use the expansions of elliptic functions and integrals in their Fourier
series� These expansions converge rather quickly even for large values
of �ij since the principal small parameter of the expansions is not

�ij� but the nome qij � exp
�
��K�k�ij��K�kij�

�
� where K�k� is the

complete elliptic integral of the �rst kind� k� �
p
�� k�� The nome q is

small enough even for large �� Indeed� for the major planets the largest
value of �ij is ��� � ����� for the couple Venus�Earth� For the same
couple q�� � ������ This allowed one to hope that the resulting series
converge much faster than the classical developments �see� Brumberg�
�		�� �		
�� Chapront and Simon ��	��� �		
� showed that the use of
uij as angular variables leads to more compact series when the mutual
perturbations of a couple of planets are considered in a classical�type
planetary theory�

Brumberg ��		�� �		�� suggested to apply the elliptic function
approach to the GPT and re�constructed the �rst�order GPT� as devel�
oped in Brumberg and Chapront ��	���� in the form of series with
closed�form coe�cients expressed in terms of elliptic functions� The
�rst�order intermediary has been represented therewith as a closed�
form expression involving elliptic functions and integrals� and Hansen�
type quadratures with trigonometric kernels� The higher�order theory
can also be constructed with the aid of Fourier expansions of elliptic
functions and integrals� As far as the GPT is concerned� the elliptic
function approach e�ectively consists in constructing the theory in the
form of the series� which we will call 	 �series �see� Brumberg� �		���

X
k��k������kn

Bk��k������kn	
k�
i�j�

	k�i�j� � � � 	
kn
injn

� ���

	ij � exp
h
�
� wij

i
� wij �

�

K�kij�
uij � �
�

where is and js are indices numbering the planets� and
�
��

p��� The
classical developments� which we will call 
�series� areX

k��k������kn

Ak��k������kn

k�
i�j�


k�i�j� � � � 

kn
injn � ���


ij � exp
h
�
� lij

i
� lij � ��ij � ���

Following these lines� several steps toward constructing the GPT in the
form of the 	 �series have been undertaken in Brumberg ��		��� Klioner
��		��� and Brumberg and Klioner ��		
��
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The principal aims of this work are to demonstrate practical feasibil�
ity of constructing both the 
�series and the 	 �ones for the intermediate
orbit for the GPT as well as to compare numerical e�ciency of the two
kind of series� The numerical e�ciency has been already investigated
in Brumberg and Klioner ��		
� for the �rst�order intermediary� The
conclusions were rather promising� the 	 �series were shown to be more
compact than the corresponding 
�series� In Section � we describe a
numerical algorithm allowing one to compute both 
� and 	 �series for
higher�order GPT� In Section � we extend the results of Brumberg and
Klioner ��		
� for mutual perturbations of a pair of planets up to the
fourth order with respect to the ratio � of the planetary masses to the
mass of the central body� Section � is devoted to a comparison of the
e�ciency of the 
�series and the 	 �series representing mutual perturba�
tions of a triplet of planets of the second and third orders with respect
to �� Principal conclusions and some additional remarks are given in
Section ��

�� Intermediate Orbit in Semi�Numerical Form

The algorithm for constructing the GPT as suggested in Brumberg
��	��� introduces new complex variables pi and real variables wi

xi�
�
� yi � ai��� pi� exp

�
� �i� zi � aiwi �	�

instead of the heliocentric rectangular coordinates xi� yi� zi� i �
����� � ��N of the N planets� These dimensionless variables represent
small deviations from the plane circular motion with a semi�major axis
ai and a mean longitude �i� The equations of motion in these new
variables read

�pi � �
�
� ni �pi � �

�
n�i �pi � pi� � n�iPi� ����

�wi � n�iwi � n�iWi� ����

where here and below for any x� x is its complex conjugate� ni is the
mean motion of the ith planet� and the right�hand members read

Pi � ��� �

�
pi � �

�
pi �

�

n�i a
�
i

�Ui

�pi
� Wi � wi �

�

n�i a
�
i

�Ui

�wi
� ����

Ui being the force function for the equations in the coordinates xi� yi� zi�

The intermediate orbit pi � p
���
i � wi � � is a partial quasi�periodic

solution of ��������� representing the mutual perturbations of planets
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placed on coplanar circular orbits� The intermediary p
���
i must satisfy

Eq� ���� with some right�hand side P
���
i � The solution of ���� is con�

structed by successive approximations in powers of the ratio � of the
planetary masses to the mass of the central body

p
���
i �

�X
k	�

�kp
k

���
i � ����

where p
k

���
i is the kth�order terms with respect to � which� in turn� can

be split into pieces induced by the perturbations from di�erent sets of
planets

p
�

���
i �

NX
j	�

�i� T
�

�i�
j � ����

p
�

���
i �

NX
j	�

�i� T
�

�i�
j �

NX
j	�

�i�
NX

k	j
�

�i� T
�

�i�
jk � ����

� � � �

Here N is the number of planets� The right�hand side P
���
i for the inter�

mediary can also be split in the same manner� into pieces of di�erent
orders with respect to � and induced by perturbations from di�erent
sets of planets �see� Brumberg� �		�� �		� for details�

P
���
i �

�X
k	�

�kP
k

���
i � ��
�

P
�

���
i �

NX
j	�

�i�Q
�

�i�
j � ����

P
�

���
i �

NX
j	�

�i�Q
�

�i�
j �

NX
j	�

�i�
NX

k	j
�

�i�Q
�

�i�
jk � ����

� � � �

Q
�

�i�
j � ij�

�ij�
����� ��	�

Q
�

�i�
j �

�

�

�
T
�

�i�
j

��
�

�

�
T
�

�i�
j T

�

�i�
j �

��

�

�
T
�

�i�
j

��

�ij

�
�
�ij�
����T

�

�i�
j � �

�ij�
����T

�

�i�
j � �

�ij�
����T

�

�j�
i � �

�ij�
����T

�

�j�
i

�
� ����
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Q
�

�i�
jk �

�

�
T
�

�i�
j T

�

�i�
k �

�

�
T
�

�i�
j T

�

�i�
k �

�

�
T
�

�i�
k T

�

�i�
j �

��

�
T
�

�i�
j T

�

�i�
k

�ij

�
�
�ij�
����T

�

�i�
k � �

�ij�
����T

�

�i�
k � �

�ij�
����T

�

�j�
k � �

�ij�
����T

�

�j�
k

�
�

�ik

�
�
�ik�
����T

�

�i�
j � �

�ik�
����T

�

�i�
j � �

�ik�
����T

�

�k�
j � �

�ik�
����T

�

�k�
j

�
����

� � � �

Here �ij �
mj

m� �mi
� where mi is the mass of the ith planet and m�

is the mass of the central body�

�
�ij�
klrs �

�
�
�

�
k
r

�
�
�

�
l
s

���k
r ���l
s

�
�
�
ai
aj

��


ij S�k� l� � �� � r�k �� � s�l
���k ���l

�

��
�
r � s��k � r � �

�
��l � s� �

�
��r � s�

aj
ai
��
��ij

��
� ����

� �n��K����L��� �� �� �� � �n �����
�� � �� � ��� � �����max�K���L���

�

�
�
�� � �sign�K�L�

�jK�Lj��
� ����

K and L are positive integers� S�k� l� � � if k � l � � and S�k� l� � �
otherwise�

Since Eq� ���� is linear� each piece of p
���
i in ��������� is gener�

ated by the corresponding piece of P
���
i in ��
������� Therefore� the

terms in ��������� can be calculated subsequently� Eqs� ���� and �����
���� enable us to compute the intermediary to any desired order with
respect to �� We adopt the following procedure to compute the Fourier

expansions of p
���
i into the 
� and the 	 �series�

A� We compute the 
�series of a piece of P
���
i by numerical Fourier

analysis �tabulating the corresponding terms in ��	������ and making
use of the fast Fourier transform �FFT��� Hence� we get the expansions

a piece of P
���
i �

X
Qi

k�k����kn

k�
i�j�


k�i�j� � � � 

kn
injn

����

The number n of the angular variables 
isjs in ���� depends on the

particular part of P
���
i which we consider� ForQ

k

�i�
j the series ���� involve

only one angular variable and n � �� while for Q
k

�i�
jk n � �� etc� The

sets is and js are not unique� for example� we can expand Q
k

�i�
jk into
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double Fourier series in powers of 
ij and 
ik� in powers of 
ij and 
jk�
or in powers of 
ik and 
jk� having respectively three di�erent sets of
is and js and three di�erent forms of the series ����� However� taking
into consideration the identities 
ji � 
��ij and 
ij
jk � 
ik � � we
see that having computed the Fourier coe�cients for one kind of the

�series one can immediately restore the coe�cients of any other kind
by relevant re�numbering of the coe�cients� For example�X

a�b

Aa�b

a
ij


b
ik �

X
a�b

����bAa�b�b

a
ij


b
jk� ����

Besides that� the 
�series for the intermediary can be represented in
the form X

k��k������kn

Ak��k������kn

k�
i�j�


k�i�j� � � � 

kn
injn

�

�
X

s��s������sn��

Ds��s������sn��e
�

�s���e
�

�s��� � � � e
�

�sn���n�� � ��
�

s� � s� � � � �� sn
� � ��

All the forms of the 
�series are trivially related to each other and�
therefore� totally equivalent as far as their e�ciency is concerned�

The properties of P
���
i allow one to conclude that the coe�cients

Qi
k�k����kn

in ���� are real numbers� We use a general FFT algorithm
which gives complex values for the Fourier coe�cients� Therefore� actu�
al numerical errors of Qi

k�k����kn
in ���� can be estimated from the mag�

nitudes of the computed imaginary parts of the coe�cients Qi
k�k����kn

�
Since we used standard double precision arithmetic we were able to
compute the series ���� with an accuracy of ����� � ������

The other kind of errors of the coe�cients Qi
k�k����kn

as computed via

the FFT is the errors of aliasing� The spectrum of P
���
i is discrete� but

in�nite� However� when making use of the FFT in practice we should
specify some �nite number of harmonics to be computed� i�e� to specify
the Nyquist interval of the frequencies to be considered� The larger the
speci�ed number of harmonics �that is� the higher the Nyquist frequen�
cy�� the �ner the grid which we should use for tabulating the function

P
���
i � It is well known that the harmonics beyond the Nyquist interval

are aliased into the Nyquist interval and spoil the computed harmon�
ics �see� e�g�� Press et al�� �		��� We always check that the harmonics
above the noise threshold �as set from the maximal imaginary part of
Qi

k�k����kn
� are su�ciently far from the boundaries of the Nyquist inter�

val� When this is not the case we increase the number of harmonics to
be computed by applying FFT on a �ner grid� This allows us to expect
that the harmonics we compute are correct within the estimated errors�
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B� We compute the expansions of the corresponding part of p
���
i

a piece of p
���
i �

X
Ai

k�k����kn

k�
i�j�


k�i�j� � � � 

kn
injn ����

from the following relations �see� Brumberg et al�� �	���

Ai
������ � ��

�
Qi
������� ����

Ai
K �

n�i
�K�n��

	
n�i � �K�n��


 �
�
��

�K�n�� � �ni�K�n� �
�

�
n�i

�
Qi

K � �

�
n�iQ

i
�K

�
� ��	�

whereK � �k�� k�� � � � � kn� is the multi�index��K � ��k���k�� � � � ��kn��
�K�n� �

PN
s	� ksns� and ni is the mean motion of the ith planet�

Eq� ��	� gives the coe�cients Ai
k�k����kn

as a linear combination of

Qi
k�k����kn

and Qi
�k���k�������kn

� The coe�cients of these linear combi�
nations may be quite large when the mean motions of the planets are
close to commensurability� This ampli�es numerical errors in Qi

k�k����kn
�

We account for this circumstance when estimating the numerical errors
of Ai

k�k����kn
by multiplying the estimate of errors for Qi

k�k����kn
by the

largest encountered value of the linear coe�cients in ��	��

C� We compute the corresponding pieces of the 	 �series

a piece of p
���
i �

X
Bi
k�k����kn	

k�
i�j�

	k�i�j� � � � 	
kn
injn

����

by tabulating the corresponding piece of p
���
i �computed with the 
�

series derived at the previous step� on a grid which is uniform with
respect to 	isjs � and making use of the FFT� Again the numerical errors
of Bi

k�k����kn
can be estimated in the same manner as we discussed at

the step A of this algorithm�
The number of angular variables n for the 	 �series coincides� obvi�

ously� with that for the corresponding 
�series� However� di�erent forms
of the 	 �series are no longer trivially related to each other� Although
	ji � 	��ij � the expression relating� say� 	ij� 	ik and 	jk is quite com�
plicated� Fourier series of this expression can converge slower or faster
depending on values of i� j� k� This means that di�erent forms of ����
may converge quite di�erently� Therefore� we should �nd an optimal
form of the series in each case� For n � �� the form of series is unique�
univariate series in powers of 	ij� For n � � there are m � � sets of
	isjs which are not trivially related to each other� for n � � the number
of the sets is m � �
� for n � � one gets m � ���� etc�
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As an additional check of the results we always explicitly check that
the 	 �series ���� resulting from the step C represent the same func�
tion �accounting for the relations between 
ij and 	ij given by ��������
�
� and ���� as the 
�series ���� resulting from the step B within the
estimated numerical errors�

We believe that the algorithm A�C is a reliable and fast way to
compute both the 
� and the 	 �series for that part of the intermediary
which depends on a moderate number of angular variables �say� for
n � ��� For a higher number of angular variables �say� for n � �� the
algorithm �in its current form� becomes ine�cient� since it requires too
much computer memory to complete the FFT at the step A�

�� Mutual Perturbations of Couples of Planets

Mutual perturbations of couples of planets are described by the terms

T
k

�i�
j in ��������� and Q

k

�i�
j in ���������� Both the 
� and the 	 �series are

univariate series �n � �� in powers of 
ij or 	ij respectively

�sT
s

�i�
j �

X
a

Aa

a
ij � ����

�sT
s

�i�
j �

X
a

Ba	
a
ij� ����

In Brumberg and Klioner ��		
� the 
� and the 	 �series have been
already computed for the �rst�order intermediary� The method of cal�
culation used in Brumberg and Klioner ��		
� is quite di�erent from
the algorithm we use in the present paper� and involves the explicit

expression for �T
�

�i�
j derived in Brumberg ��		�� as well as a numerical

integration of some auxiliary function appearing in that explicit expres�
sion� We have repeated the calculations using the method described in
Section � and checked that the results coincide within expected numer�
ical inaccuracy of the two methods� This provides us with an addi�

tional check of our algorithm� We also computed the terms �kT
k

�i�
j � for

k � �� �� � which give the complete intermediary of the fourth order as
far as the perturbations of couples of planets are concerned� We com�
puted these terms for all �
 couples of planets �we consider � major
planets except Pluto�� The results are illustrated by Tables I�IV and
Figure ��

The principal conclusions are that the 	 �series are more e�cient
than the 
�series when we consider mutual perturbations of close cou�
ples of planets �when the ratio of the semi�major axes ai�aj is close to
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Table I� Number of harmonics for the closest couple VenusEarth �a��a� �

�	���� The intermediary for this pair involves maximal number of har�
monics� We give the number of harmonics in the ��series �left values�
and the � �series �right values� whose magnitude is higher than �� for
� � �
��� �
��� � � � � �
���� The terms of the �rst four orders has been com�
puted� Last row contains the number of harmonics for the sum of the terms
of all four orders� The number of harmonics for the sum is almost the same
as for the �rst�order intermediary since the range of harmonics of di�er�
ent orders almost totally overlap� For this pair the � �series give maximal
compression as compared to the ��series� See� also Figure ��

Order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� �
��� �
��� �
���

� ���� ����� ����� ����� �	��� ����
 
���� ����� ����� 	����

� �� � �� � �� � �� � ���� ����� ����� ����� ����� 

���

� �� � �� � �� � �� � �� � �� � �� � 
� � ����� �	���

� �� � �� � �� � �� � �� � �� � �� � �� � �� � �� �

� ���� ����� ����� ����� �	��� ����� 
���� ����� ����� 	����

�� and�or when a relatively high precision is required� It is the mutual
perturbations of close couples �primarily Venus�Earth and Jupiter�
Saturn� which present the most di�cult task when constructing an
analytical theory of planetary motion� For these couples the 	 �series
represent the intermediary in a more compact form� However� even for
the closest couple Venus�Earth and for a very high accuracy of �����

the ratio of the terms required for the 
�series and the 	 �series is not
very large� 	
��� � � �see� the �rst row of Table I�� Moreover� for the
couples with min�ai�aj � aj�ai� � � or if a relatively low accuracy is
required �even for close couples�� the 
�series are usually more prefer�
able� These conclusions are valid both for the �rst�order terms and for
the higher�order ones�

This result is in general agreement with the results exposed in
Chapront and Simon ��	��� �		
�� the expansions of elliptic functions
give a considerable advantage when mutual perturbations of two plan�
ets are considered�
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Table II� Number of harmonics for the couple UranusNeptune �a��a� �

������ The structure of the table is the same as that of Table I� For this
pair of planets the intermediary has the largest magnitude �� ��� � �
����
It is evident from the table that the compression factor �that is the ratio
of the number of terms in the corresponding pieces of the ��series and the
� �series� for this pair is lower than for the pair VenusEarth� We see that
this compression factor becomes lower for the higher�order terms� It is also
clear from the table that due to close commensurability of mean motions of

the planets �n��n� � ����� � �� the expansion ���� of the intermediary p
�

i

in powers of � converges in some cases slower than one could expect apriori�
the value of the formal small parameter in this case is �	�� � ��� � �
��

while the typical ratio of terms of subsequent orders is 
 �
��� One can

expect that the �fth�order term T
�

��
� �which we did not consider� for this

pair should be of order of �
�	 � �
��
 and should be accounted for if this
level of accuracy is to be attained�

Order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� �
��� �
��� �
���

� ����� ����� ����� ����� ����� ����� 
���� 
���� ����� �	���

� ���� 	��� ����� ����� ����� �	��� �	��� ����� 
���� �
���

� �� � �� � ���� ����	 �
��� �	��	 ����
 ����	 ����� �����

� �� � �� � �� � �� 	 ����� ����� �	��� �
��� ����� �����

� ����� ����� ����� ����� ����	 ����� 
���� 
���� �	��� �	���

Table III� Number of harmonics for the couple SaturnJupiter �a��a� �

������ The structure of the table is the same as that of Table I� The data
show that the compression factor for this pair is lower than for the pairs
VenusEarth and UranusNeptune�

order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� �
��� �
��� �
���

� 	��� �
��� ����� ����	 ����� ����� ����� 
���	 
	��� �
���

� �� � �� � ����� ����
 ����� ����� ����� ����� �	��� 
����

� �� � �� � �� � �� � ����� ����� ����� ����� ����� �����

� �� � �� � �� � �� � �� � �� � ��� 	 ����
 ����� �����

� 	��� �
��� ����� ����	 ����� ����� ����� 
���	 
	��� �
��


Table IV� Total number of harmonics for all �� pairs of planets� The data allow to look at the �averaged�
situation� The structure of the table is the same as that of Table I� It is easy to see that if we consider
the whole problem of � planets the � �series become more e�cient only if a relatively high accuracy is
required ��
��
 and higher��

order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� �
��� �
��� �
���

� ������� ������� ������� ������� ��	�
	� ��
��	
 	�	��	� ����� �	� ��	�� 	�� ��	������

� ��� �� ��� �� 
�� �
 ������� �����	� ������� ������� 
��� ��� ��	� ��� �
	� ���

� �� � 
� �� �	� �� ��� �
 
�� �
 ��� 	� ������� �	�� ��� ���� ��� ���� ���

� �� � �� � �� � 	� �� ��� �� ��� �� 
�� �� ��� 	� ��	� ��� ���� ���

� ������� ������� ������� ������
 ��	�
	� ��
��	
 	�	��	� ���	� �	� ��	�� 	�� ��	�����	
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�� Mutual Perturbation of Triplets of Planets

Mutual perturbations of a triplet of planets are described by the terms

T
k

�i�
jk in ���� and Q

k

�i�
jk in ����� Both the 
� and the 	 �series are double

Fourier series �n � � in ����� ���� and ������
Using the algorithm described in Section � we computed the second�

and the third�order terms ��T
�

�i�
jk and ��T

�

�i�
jk for all �
� triplets of �

major planets �except for Pluto�� We computed the 
�series

�sT
s

�i�
jk �

X
a�b

Aab

a
ij


b
ik ����

as well as the three form of the 	 �series

�sT
s

�i�
jk �

X
a�b

Bab	
a
ij	

b
ik� ����

�sT
s

�i�
jk �

X
a�b

B�ab	aij	 bjk� ����

�sT
s

�i�
jk �

X
a�b

B��ab	aik	 bjk� ��
�

Directly comparing the 	 �series in the forms �������
� we �nd the most
optimal one for each triplet� Tables V�VI and Figures ��� illustrate the
structure and the e�ciency of the 
�series and the most e�ective form
of the 	 �series for two representative triplets Venus�Earth�Mars and
Saturn�Jupiter�Uranus�

We have checked that our results for the 
�series are in good agree�
ment with the results of Brumberg� Evdokimova and Skripnichenko
��	���� Small discrepancies are� probably� due to di�erent initial values
for the semi�major axes ai� the mean motions ni and the masses of the
planets mi�

Our calculations allows us to conclude that the 	 �series are by no
means more compact that the 
�series in the case of double Fourier
series �������
�� On the contrary� we have found that the 
�series is
typically ���� times more compact than the most e�ective form of the
	 �series� The opposite situation can be found only if the double 
�series
can be e�ectively considered as univariate series� say� jAabj � � for
b �� �� An example is the triplet Neptune�Mercury�Uranus� However�
these terms obviously present no di�culties already in the form of 
�
series since their amplitude is very small�

An interesting comment can be made on the appearance of resonant
terms in the 
� and 	 �series� On Figure � the set of harmonics A��k��k�
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k � Znf�g is clearly seen as squares which are much darker than their
vicinity� The set of harmonics corresponds the zero�order resonance
induced by the close commensurability of the mean motions of Venus�
Earth and Mars� �n��n����n��n�� � ������ � ���� On the contrary�
the corresponding 	 �series on Figure � do not have such resonant terms�
These resonant terms seem to play a positive role for compactness of the

�series� If we retain on Figure � only terms jAabj 	 ���� we have only
two resonant terms A���� � ����� 
���� and A���� � ���� 
���� which
are about �� times larger than the cut level �these two harmonics are
seen as two black squares on Figure ��� However� if we con�ne ourselves
by the same accuracy for the 	 �series jB�abj 	 ���� we get two blobs of
signi�cant harmonics approximately centered at the places where the
two terms of the 
�series reside and containing as many as ��
 terms�
These two blobs are seen on Figure � as two darkest areas� The largest
term here has the magnitude B����� � ��� 
 ����� One can say that�
although resonant terms in 
�series lead to practical di�culties when
constructing analytical theories� they play a positive role by absorbing
signi�cant spectral power and� in a sense� make the resulting Fourier
series more compact�

In principle one could suggest one more form of the 	 �series for

��T
�

�i�
jk and ��T

�

�i�
jk which might be apriori thought to be more compact

than any of the three forms �������
�� As we noted above the expan�
sion of� say� 	ij in terms of 	ik and 	jk converges very slowly for some

values of i� j and k� On the other hand� Eq� ���� for Q
�

�i�
jk � being the

right�hand side of the di�erential equation for T
�

�i�
jk analogous to �����

contains three groups of terms which can be symbolically represented
as �� Sij�Sik� �� Sij�Sjk� and �� Sik�Sjk� where Sab is a part of the

�rst�order intermediary related to the couple �a� b� or function ��ab�
��� �

Each factor Sab can be expanded in the 
� or the 	 �series in powers
of 
ab or 	ab respectively� Therefore� each of the three group has its
�natural form of the 	 �series� ���� for the �rst group� ���� for the sec�
ond group� and ��
� for the third one� Using this �natural forms of
the 	 �series we avoid the implicit use of the expansions of 	ij in terms
of 	ik and 	jk and similar ones� that may improve the convergence�
We have shown in Section � that for the factors Sab in many cases
the 	 �series are more compact than the 
�series� The same is true for
the expansions of ��ab�

��� � Therefore� the �natural 	 �series should give

also more compact representation for the three parts of Q
�

�i�
jk � Explicit

calculations� which we have done for two triplets Venus�Earth�Mars
and Saturn�Jupiter�Uranus� shows that it is really true� the 	 �series
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Table V� Number of harmonics in the ��series �left values� and the most

e�ective form of the � �series �right values� for ��T
�

��
�� and for ��T

�

��
�� for

the triplet VenusEarthMars� The most e�cient form of the � �series
for this triplet is Eq� ����� We give the number of harmonics whose
absolute values are larger than �� We see that for any � the ��series are
more compact than the � �series�

order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� �
���

� �� � �� � ����� ����� �����	 

���� �������� �����
��

� �� � �� � �� � �� � �� � ������ �	� ��� ��� ���

of the �natural form are more compact for each of the three parts

of Q
�

�i�
jk than the corresponding 
�series� However� since we have now

three di�erent kinds of the 	 �series �instead of one in case of any of
the forms �������
��� and these three 	 �series cannot be combined into
one double Fourier series� it does not even mean that such a �natural 

representation of Q
�

�i�
jk is the most compact one� For example� for the

triplet Venus�Earth�Mars the three �natural 	 �series for ��Q
�

�i�
jk have

in total ��
	 harmonics with magnitude larger than ���� �this approx�

imately corresponds to the resulting accuracy of ����� for ��T
�

�i�
jk � since

for the triplet under consideration resonances multiply errors in ��Q
�

�i�
jk

by a factor of ����� the corresponding 
�series contain as many as �	��
harmonics� and the most compact form of the 	 �series turns our to be
���� and contains only ��	� terms at the same cut level� On the oth�
er hand� the �natural form of the 	 �series for the intermediary itself

��T
�

�i�
jk is again much longer than the 
�series even for the three parts

of ��T
�

�i�
jk generated by the corresponding three parts of ��Q

�

�i�
jk � For the

triplet Venus�Earth�Mars we have only ��� harmonics in the 
�series
with magnitudes larger than ����� �see� Table V and Figure �� while
the �natural 	 �series contain in total ��
� terms� and the most com�
pact form of the 	 �series� which turns out to be ���� in this case� ���

terms �see� Table V and Figure ��� The situation for the triplet Saturn�
Jupiter�Uranus is analogous� Thus� the �natural form of the 	 �series
are by no means more compact for the intermediary than the forms
�������
� and our conclusion on the compactness of the 
� and 	 �series
formulated above remains valid�
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Table VI� Number of harmonics in the ��series �left values� and the

most e�ective form of the � �series �right values� for ��T
�

��
�� and for

��T
�

��
�� for the triplet SaturnJupiterUranus� The most e�cient form

of the � �series for this triplet is Eq� ����� Again we see that for any �
the ��series are more compact than the � �series�

order n � �
�� �
�� �
�� �
�	 �
��
 �
��� �
��� � � �
���

� �� � ���� ����� �����	 	����� ��
��
� �
	���� �������

� �� � �� � �� 
 ��� �
 �
� 	� ����	� ��	���� ����
�	

�� Concluding Remarks

Our experience with computing the expansions for intermediate orbit
for general planetary theory shows that in principle it is nowadays quite
feasible task to construct the whole theory with reasonable accuracy in
a semi�analytical form on a workstation�class computer �HP	�������
and Sun Ultra � have been used for the calculations described in the
present paper�� The approach suggested in Brumberg ��	�	� and Brum�
berg and Chapront ��	��� together with a numerical algorithm simi�
lar to steps A and B described in Section � could be used herewith�
Although it is clear that the problems of convergence of the series in �
as well as in eccentricities and inclinations require more detailed study
and may even make practical value of such a theory questionable�

As for the elliptic function approach we can summarize our results
as follows� The expansions based on elliptic functions do give certain
level of compression of the resulting series� when we deal with mutual
perturbations of a pair of planets� However� the level of compression
is not very high �� � for actual major planets� and depends on the
considered precision �the lower the required precision� the lower the
advantage of the elliptic function expansions�� These results are in good
agreement with the conclusions published previously by Chapront and
Simon ��	��� �		
�� and Brumberg and Klioner ��		
�� However� the
	 �series approach does not give any compression in case of mutual per�
turbations of a triplet of planets when we should consider multivariate
Fourier series� On the contrary� the 
�series turn out to be more e�cient
than the most compact form the 	 �series� We have also computed the

triple Fourier series for ��T
�

�i�
jkl for a few sets of four planets� For these

terms the conclusion is the same as for �kT
k

�i�
jk � the 
�series are more

compact than the most e�ective form of the 	 �series� This allows us
to conclude that the elliptic function expansions �at least in the forms
considered in this paper� have no practical interest when applied to the
complete problem of N planets�
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It may happen that some other kind of expansions cure the prob�
lem and allows to compress multivariate Fourier series of the GPT�
The numerical techniques which we used in this research and the cor�
responding software allow one to test quickly other ideas aimed at a
compression of the GPT�like theories of motion which may be proposed
in the future�

Let us also mention certain parallels between the compression of
planetary theories and the image compression techniques developed in
the �eld of signal processing� The principal problem in constructing
general planetary theory is to �nd a convenient �compact� representa�

tion of the functions T
�

�i�
jk � T�

�i�
jk � T�

�i�
jkl� etc� These functions are known

to be periodic functions of several variables �two variables for T
�

�i�
jk and

T
�

�i�
jk � three variables for T�

�i�
jkl� etc��� In order to compute these functions

with a given accuracy we can tabulate each of them on a su�cient�
ly �ne grid of the corresponding dimension� These tabulated values
may be considered as �multidimensional� images� What we are aimed
at is to �nd compact representations of these images allowing to com�
pute the original functions as accurate and as quickly as possible� One
of the approaches is to calculate the Fourier expansions of the func�
tions and to retain only those coe�cients which are larger �by abso�
lute value� than some speci�ed cut level� This is the standard way of
constructing planetary theories in a purely trigonometric form� The
elliptic function approach consists in a change of independent variables
and applying the same Fourier transformation� From the point of view
of image compression the Fourier transformation is one of the most
popular method of compression� but not the only possible one� On
the contrary� there are many other transformations which use anoth�
er �non�trigonometrical� basic functions and which gives in many cases
better results for image compression than the Fourier transformation�
Wavelet transform is an example� but by no means the only possible
one �see� e�g�� Hunt� �	��� Press� et al�� �		��� Although the alternative
compression techniques cannot be immediately applied to constructing
planetary theories �most of compression techniques have been tested
on images with low �dynamical range � say only ��
 possible values of
�brightness �� investigations in this area may lead� in our opinion� to
valuable results�
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Figure �� Absolute values of the coe�cients Aa of the ��series �dashed lines� and
the coe�cients Ba of the � �series �solid lines� as functions of a for the couple Venus
Earth� The terms of the �st� �nd� �rd and �th orders are displayed separately on
the same plot� At any order for some a values of jBaj become lower than jAaj and
continue to decrease faster than jAaj� This general behavior is typical for all pairs
of planets� The advantages of the � �series in this case are obvious from the Figure�
See� also Table I�
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Figure �� The coe�cients Aab of the ��series
P

a�b
Aab�

a
���

b
�� for the second�order

term ��T
�

��
�� for the triplet VenusEarthMars� We present the double Fourier series

as an image� Each coe�cient is displayed as a square of di�erent gray level� The
larger the absolute value of the coe�cient� the darker the square� The abscissas
show the values of b� while the ordinates show the values of a� All the harmonics
jAabj � �
��� are shown on the Figure� Total number of harmonics is ���� See� also
Table V�
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Figure �� The coe�cients B�ab of the � �series
P

a�b
B�ab�

a
���

b
�� for the second�order

term ��T
�

��
�� for the triplet VenusEarthMars� This form of the � �series is the most

compact one for this triplet� The graphical representation of the harmonics is the
same as on Figure �� All the harmonics jB�abj � �
��� are shown on the Figure� Total
number of harmonics is ����� We see that the � �series are by far less compact than
the ��series in this case �cf� Figure ��� See� also Table V�


